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Abstract
This paper explores the consequences of non-Gaussian cosmological perturbations for the forma-
tion of primordial black holes (PBHs). A non-Gaussian probability distribution function (PDF) of
curvature perturbations is presented with an explicit contribution from the three-point correlation
function to linear order. The consequences of this non-Gaussian PDF for the large perturbations
that form PBHs are then studied. Using the observational limits for the non-Gaussian parameter
fNL, new bounds to the mean amplitude of curvature perturbations are derived in the range of
scales relevant for PBH formation.
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I. INTRODUCTION
The non-linear theory of perturbations is an important part of the study of the early uni-
verse because only at this level of precision one can distinguish specific models of inflation
and even rule out some of them through observations of the correspondent non-Gaussian
statistics. The possibility of observing non-Gaussian correlations in the temperature fluctu-
ations of the cosmic microwave background radiation (CMB) [1] and in the count of large
scale structure (LSS)[2, 3, 4] has fostered the study of non-linear perturbations for distinct
models of the origin of structure (see e.g. Refs. [5, 6, 7], and see Ref. [8] for an extended
review of both observational and theoretical aspects of non-Gaussianity,).
The properties of the early universe imprinted in the observed perturbations are better
studied when we make use of the curvature perturbation R(t,x) on comoving hypersurfaces
[55]. This quantity is defined in a gauge-invariant way and, when sourced by adiabatic matter
perturbations, the growing perturbation mode remains constant on scales larger than the
cosmological horizon H−1, where H = d ln (a)/dt is the Hubble parameter [9, 10].
A fundamental observable of cosmological perturbations is the mean amplitude. The
classical amplitude of metric perturbations Rcl is derived by solving the perturbed Einstein
equations to linear order. Statistically this classical amplitude is written in terms of the two
point correlation function as [11],
〈RG(k1)RG(k2)〉 = (2π)3δ(k1 + k2)|Rcl(k)|2, (1)
where RG(k) are Gaussian perturbations in Fourier space, and k1 and k2 are vectorial
Fourier momenta. The two-point correlator defines also the dimensionless power-spectrum
[55] In the longitudinal gauge, the scalar isotropic curvature perturbation or Bardeen potential Φ modifies the
Friedmann background metric to the form:
ds2 = − [1 + 2Φ(t,x)] dt2 + a(t)2 [1− 2Φ(t,x)] dx2.
where t is the cosmic time, a(t) is the scale factor and dx is the comoving spatial part. The comoving
curvature perturbation R(t,x) is defined in the comoving gauge from the metric
ds2 = −N2(t,x)dt2 + a(t)2e2R(t,x)δij
(
dxi +N i(t,x)dt
) (
dxj +N j(t,x)dt
)
,
where δij is the Kronecker delta, andN andN
i are functions algebraically determined from the symmetries
of the perturbed equations of motion.
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P(k) as
〈RG(k1)RG(k2)〉 = (2π)3δ(k1 + k2)2π
2
k31
P(k1). (2)
The power-spectrum encodes important information of the underlying cosmological
model. For example, for perturbations generated from a single inflationary field φ with
a potential V dominating the cosmological dynamics, RG(k) is a random field of perturba-
tions about the quasi-de Sitter background, and the power-spectrum is given by [12]
P(k) = H
4
∗
(2π)2φ˙2∗m
2
Pl
≈ V
3
∗
(dV/dφ)2∗m
2
Pl
, (3)
wheremPl = 8πG is the Planck mass and where an asterisk denotes evaluation at t∗, the time
when the relevant perturbation mode exits the cosmological horizon, k = a∗H∗ = a(t∗)H(t∗).
The tilt of the power-spectrum is parametrised with a second observable, the spectral
index which is defined as
ns =
d
d ln k
lnP(k). (4)
With this definition, ns < 0 means that the power-spectrum is larger for large scales, in such
case we have a red spectrum. Equivalently ns > 0 corresponds to a larger power for small
scales and this is called a blue spectrum.
The power-spectrum and the tilt are derived directly from linear perturbations. Assuming
linearity for the perturbations of the CMB, it is possible to determine with great accuracy
the numerical values of the power-spectrum and its tilt on scales larger than the horizon at
the time of last scattering. At such scales, the most recent observations of the CMB and the
galaxy count give P = 2.4× 10−9, ns = −0.05± 0.01 [1]. Any successful theory of structure
formation must meet these values at the relevant scales. Higher order correlations of the
perturbation field R offer an exciting way to distinguish between these cosmological models.
The deviations from Gaussianity are described to lowest order by the non-linear parameter
fNL. Mathematically, this parameter appears in the expansion [13]
R(k) = RG(k)− 3
5
fNL(RG ⋆RG(k)− 〈R2G〉), (5)
where a star denotes a convolution of two copies of the field. We use this definition through-
out the paper. At the present time, the precision of the observations can only provide limits
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for fNL. The WMAP satellite gives the constraints −54 < fNL < 114 at the 95% confidence
level [1].
When one computes second-order perturbations to the Einstein equations, higher order
correlations become non-vanishing (see e.g. Refs. [14, 15]). Alternatively such correlator
can be obtained from the third-order quantum perturbations to the Einstein-Hilbert action
(Pioneering works using this method are Refs. [16, 17, 18]). The three-point correlation
function in Fourier space at the tree level can be directly computed from the definitions in
Eqs. (1)(2) and (5) to find [13]
〈R(k1)R(k2)R(k3)〉 =− (2π)3δ
(∑
i
ki
)
4π4
6
5
fNL
[P(k1)P(k2)
k31k
3
2
+ 2 perm
]
. (6)
Non-linear correlations have been explored not only in the CMB anisotropies [1, 19], but
also in counts of galaxies and clusters [2, 4, 20, 21]. The latter deserve special mention.
The distribution of galaxies and clusters account for density perturbations that formed
such structures in the matter-dominated era. The statistics of these objects gives us extra
information about the primordial non-Gaussianities in the universe. However, in studying
the formation of galaxies and clusters from the seed perturbations, one must be careful in
the treatment of intermediate stages because the growth of perturbations after horizon entry
is intrinsically non-linear. This may blur the primordial non-Gaussian statistical effects (For
a review, see Ref. [3]).
In this paper we study non-Gaussianity for a range of wavelengths not covered by the ob-
servations mentioned above by looking at the formation of Primordial Black Holes (PBHs).
PBHs were formed during the radiation era of our universe from large amplitude pertur-
bations. The importance of non-Gaussianity in this context is that a small deviation from
linearity would change the probability of formation significantly. The effects of non-Gaussian
perturbations on PBHs have been studied for specific models [22, 23, 24] but a precise quan-
tification of the non-Gaussian effects is still required and it is only now, with a much better
understanding of the effects of higher order perturbations, that we are able to describe the
general effects on PBHs. The discussion of non-Gaussian effects on PBH formation turns
crucial in the light of recent works (e.g. [25]) which claim that only through exotic exten-
sions of the canonical slow-roll inflationary potentials can produce considerable amounts of
PBHs. Here we explore whether non-Gaussian perturbations could ease this dificulty.
To look at the effects of non-Gaussianity we make use of a non-Gaussian PDF for cur-
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vature perturbations with a direct dependence on the non-linear parameter fNL as derived
in [26]. We adapt this PDF to calculate probabilities for pertrbations relevant to PBH for-
mation. We also explore the amount of non-Gaussianity that is allowed from the bounds to
the total mass fraction of PBHs. In principle, the PBH abundance could be used to probe
non-Gaussianity on scales not reached through CMB or LSS observations. We find that even
though the possible limits on fNL in the relevant mass regime are weak, its current allowed
values in the CMB scale can be used to generate new bounds on the mean amplitude of
curvature perturbations R for the wavelength range 10−16 < λ/Mpc < 1.
This paper is organised as follows. In Section II we construct the appropriate non-
Gaussian probability distribution function (PDF) to calculate the probability of non-linear
perturbations forming PBHs. In Section III we characterise the effects of the non-Gaussian
PDF on the probability of PBH formation. We recover the results presented in previous
studies [22, 23] and reconcile the discrepancy in their conclusions. In Section IV, we make use
of the Press-Schechter formalism to derive the abundance of PBHs including non-Gaussian
effects. We show how the constraint on the amplitude of perturbations is modified by the
introduction of a non-Gaussian mass function and report on new bounds on the variance of
curvature perturbations. We conclude in Section V with a summary of results.
II. THE NON-GAUSSIAN PDF
In linear perturbation theory one makes use of the central limit theorem to construct
the probability distribution function (PDF). To first order, the perturbation modes are
independent of each other. If we define the field of perturbations R with zero spatial
average, then the central limit theorem indicates that the PDF of R is a normal distribution
dependent on a single parameter, the variance 〈R2〉,
PG(R) ≈ 1√〈R2〉 exp
(
− R
2
2〈R2〉
)
. (7)
An immediate effect of including the non-linearity of the perturbations is the interaction
of distinct perturbation modes. Indeed, as shown in Eq. (5), the parametrisation of higher
order contributions to R is described in terms of convolutions in Fourier space. The require-
ments of the central limit theorem are not met, so it can no longer be used to construct the
PDF.
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In a recent paper a first-order correction to the Gaussian PDF was explored, and a new
PDF was derived, which includes the linear order contribution from the 3-point function.
In the following we describe the elements of such derivation.
As is customary in the treatment of perturbations, we first smooth the field over a given
mass scale kM with a window function WM(k),
R¯(x) =
∫
dk
(2π)3
WM(k)R(k)ei(k·x). (8)
Here we use a truncated Gaussian window function:
WM(k) = Θ(kmax − k) exp
(
− k
2
k2M
)
, (9)
where Θ is the Heaviside function and the fiducial scale kmax is introduced to avoid ultraviolet
divergences. The amplitude of the perturbation is parametrised by the central value of the
configuration R¯(x = 0) = ζR. This parametrisation is particularly useful when we pick
the relevant perturbations for the formation of PBHs [27]. The non-Gaussian probability
distribution function for a perturbation with central amplitude ζR is [26]
PNG(ζR) = PG(ζR)
[
1 +
(
ζ3R
Σ3
R
− 3 ζR
ΣR
) J
Σ3
R
]
, (10)
where Σ2R is the variance of the smoothed field, related to the power-spectrum by
Σ2R(M) =
∫
dk
k
W 2M(k)P(k), (11)
and the factor J encodes the non-Gaussian contribution to the PDF:
J = 1
6
∫
dk1 dk2 dk3
(2π)9
WM(k1)WM(k2)WM(k3)〈R(k1)R(k2)R(k3)〉, (12)
= −1
5
∫
dk1 dk2 dk3
(4π)2
∏
iW
−1
M (ki)
δ
(∑
i
ki
)
fNL
[P(k1)P(k2)
k1k2
+ 2 perm.
]
, (13)
where the last equation is valid at tree level in the expansion of 〈RRR〉. This limitation is
justified as long as the loop contributions to the three-point function, generated from the
convolution of R-modes, are sub-dominant. Such is the case for fNL 6 1/P(k) for all values
of k. As will be seen in section IV, the tested fNL does not exceed such values.
Further details of the derivation of the PDF in Eq. (10) can be found in Ref. [26].
Here is sufficient to say that the time-dependence of this probability is eliminated when
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the averaging scale is kM ≤ a(t)H(t) because the growing mode of the perturbation R is
constant on superhorizon scales [9, 10].
We now proceed to integrate the non-Gaussian factor in Eq. (13) over the amplitudes
and scales relevant to PBHs. The expression in Eq. (13) is integrated within the limits kmin
and kmax defined conveniently to cover the relevant perturbation modes for PBH formation.
These objects are formed long before the matter-radiation equality, so in the large-box (small
wavenumber) limit of the integral (13) we can choose kmin = H0, the Hubble horizon today.
This is a reasonable lower limit for integrating perturbations relevant for PBH formation
[28]. At the other end of the spectrum, the smallest PBHs have the size of the Hubble horizon
at the end of inflation. We therefore use kmax = a(tEND)HEND, the comoving horizon at the
end of inflation, as a suitable upper limit. It is important to mention that, even though the
integral in Eq. (13) should add all k-modes, finite limits are imposed to avoid logarithmic
divergences. Moreover, due to the window functionWM(k), the dominant part of the integral
is independent of the choice of integration limits as long as they remain finite.
We solve integral (13) for the limit of equilateral configurations of the three-point cor-
relator, that is, correlations for which k1 = k2 = k3. This is not merely a computational
simplification. In the integral, each perturbation mode has a filter factor WM(k) which,
upon integration, picks dominant contributions from the smoothing scale kM common to
all perturbation modes [56]. We take this argument as an ansatz, in which case J can be
written in the suggestive way:
J = −1
8
∫ kmax
kmin
dk
k
[WM(k)P(k)]2
(
6
5
fNL
)
. (14)
In the following sections we compute J numerically for inflationary perturbations gener-
ated in a single field slow-roll inflationary epoch, and for the case of constant fNL. This will
be used to test the effects of non-Gaussianity on PBHs.
[56] This is an important restriction to the kind of non-Gaussianities that can be tested by PBHs [29]. If
a strong non-Gaussian signature is encountered exclusively for isosceles triangulations, this cannot affect
the formation of PBHs.
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III. NON-GAUSSIAN MODIFICATIONS TO THE PROBABILITY OF PBH FOR-
MATION
The simplest models of structure formation within the inflationary paradigm are those
where a single scalar field drives an accelerated expansion of the spacetime and its quantum
fluctuations give birth to the observed structure in subsequent stages of the universe (For an
extended review of the inflationary paradigm, see Ref. [30]). Here we study the curvature
perturbations generated at the time of single scalar-field inflation including contributions
from non-linear perturbations.
The effects of non-Gaussianity on PBHs have been explored in the past but with incon-
clusive results. Bullock and Primack [22] studied the formation of PBHs numerically for
perturbations with blue spectra (ns > 0) and non-Gaussian contributions. The motivation
for this was that any inflationary model with a constant tilt and consistent with the nor-
malisation of perturbations at the CMB scale, must have a blue spectrum to produce a
significant number of PBHs [31, 32]. Their analysis is based on the stochastic generation of
perturbations on superhorizon scales, together with a Langevin equation for computing the
PDF. For all the cases tested, the non-Gaussian PDF is skewed towards small fluctuations,
so PBH production, which integrates the high amplitude tail, is suppressed with respect to
the Gaussian case. An example of the kind of potentials studied in Ref. [22] is
V1(φ) = V0


1 + arctan
(
φ
mPl
)
, for φ > 0,
1 + (4x1033)
(
φ
mPl
)21
, for φ < 0.
(15)
where V0 is the amplitude of the potential at φ = 0.
Another way of generating large perturbations in the inflationary scenario is to consider
localised features in the potential dominating the dynamics. As one can see from Eq. (3),
an abrupt change in the potential would generate a spike in the spectrum of perturbations.
The effects of non-Gaussianity for an inflationary model producing features in an otherwise
red spectrum (ns < 0) were explored by Ivanov [23] using the toy model
V2(φ) =


λφ
4
4
for φ < φ1,
A(φ2 − φ) + λφ
4
2
4
for φ2 > φ > φ1,
λ˜φ
4
4
for φ > φ2.
(16)
where λ and λ˜ are coupling constants. Through a stochastic computation of the PDF, it
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was found that large amplitude perturbations were more abundant for a non-Gaussian PDF
than for a Gaussian one.
To understand this difference and generalise the effects of non-Gaussianity, we look at
the fractional difference of the Gaussian and non-Gaussian PDFs:
PNG − PG
PG
=
[(
ζ3R
Σ3
R
− 3 ζR
ΣR
) J
Σ3
R
]
. (17)
Note that both Refs. [22] and [23] use perturbations generated in a piecewise slow-roll
inflationary potential for which inflation is controlled by keeping the slow-roll parameters
ǫ ≡ 1/2(mPlV ′/V )2 and η ≡ m2Pl(V ′′/V ) smaller than one. Here we make use of the slow-
roll approximation to explore the qualitative effects of Eq. (17). To linear order, there is a
straightforward expression for the spectral index in terms of these parameters [12],
ns = 2(η − 3ǫ). (18)
On the other hand, carrying a first order expansion on slow-roll parameters, Maldacena,
provides an expression for the non-linear factor fNL in terms of the slow-roll parameters
[16],
fNL =
5
12
(ns + F(k)nt) = 5
6
(η − 3ǫ+ 2F(k)ǫ) , (19)
where nt = 2ǫ is the scalar-tensor perturbation tilt and F(k) is a number depending on the
triangulation used. For the case of equilateral configurations, when F = 5/6,
fNL =
5
6
(
η − 4
3
ǫ
)
eq
. (20)
We use this last result to evaluate the integral (14). The non-Gaussian effect on the PDF
is illustrated in Fig.1 for the potentials given by Eqs. (15) and (16) in terms of the frac-
tional difference (17). This last factor represents the skewness of the non-Gaussian PDF.
Consequently the sign of fNL is what determines the enhancement or suppression of the
probability for large amplitudes ζR in our non-Gaussian PDF. Indeed, the non-Gaussian
contribution encoded in the factor J is the sum of the fNL value over all scales relevant for
PBH formation. For the two cases illustrated, the scalar tilt ns dominates over the tensor
tilt nt in a way that the sign of fNL incidentally coincides with that of ns.
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IV. CONSTRAINTS ON NON-GAUSSIAN PERTURBATIONS IN THE PBH
RANGE
Primordial Black Holes are objects that collapsed from large-amplitude perturbations
at times previous to photon decoupling [33]. The energy density of PBHs formed during
inflation is diluted by the superluminous expansion. In consequence, a significant production
of PBHs can only take place after inflation. Depending on the model of inflation, PBHs can
cover a wide range of masses MEND ∼ 10−48M⊙ ≤ MPBH ≤ 10M⊙ at scales much smaller
than galaxies M ∼ 109M⊙ or clusters M ∼ 1013M⊙. We will call this the PBH mass range.
The lack of direct observations of PBHs limits their cosmological abundance. Assuming
they are nonetheless present, there are three ways in which PBHs can affect the evolution of
our universe and converselly, we can impose constraints to the abundance of such objects.
First, the current density of PBHs cannot exceed the amount of dark matter density, i.e.,
ΩPBH(M ≥ 1015g) ≤ ΩDM = 0.47 (with the WMAP-III value taken at 3σ confidence level
[1]). Second, the Hawking radiation [34] from PBHs, can also generate the radiation observed
0.2 0.6 1
−4
4
0  
−8
PSfrag replacements
P
N
G
(ζ
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P
G
(ζ
)
P
G
(ζ
)
ζ
FIG. 1: The fractional departure from Gaussianity is plotted for two types of non-Gaussian distri-
butions PNG (10). For the potential in Eq. (15), fNL > 0. The potential of Eq. (16) gives fNL < 0
and its correspondent PDF is shown by a dashed line.
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at various wavelengths in our universe [35]. The lifetime tevap for PBHs is a function of its
mass
tevap = 1.2× 10−44
(
M
mPl
)3
sec. (21)
From this relation we immediately infer that PBHs of massMevap = 5×1014g are evaporating
today and the observation of the gamma-ray background constrains their present density
parameter to ΩPBH(Mevap) . 5× 10−8 [35, 36, 37, 38]. This is the tightest constraint on the
abundance of PBHs. A third cathegory of constraints is relevant for lighter PBHs. Black
holes with mass M < Mevap have already evaporated and the decay products should not
spoil the well understood chemical history of our universe (see e.g. Refs. [39, 40]).
To calculate the PBH mass fraction we make use of a standard Press-Schechter formalism
[41]. This formula integrates the probability of PBH formation over the relevant matter
perturbation amplitudes [33]. This is interpreted as the mass fraction of such PBHs at the
time of formation,
βPBH(≥M) = 2
∫ ∞
δth
P(δ(M)) dδ(M), (22)
≈ σδ(M)
δth
exp
[
− δ
2
th
2σ2δ (M)
]
. (23)
Here δ = δρ/ρ is the matter density perturbation σ2δ is the corresponding variance and δth is
the threshold amplitude of the perturbation necessary to form a PBH. By integrating over
a smoothed perturbation, this integral is equivalent to the mass fraction of PBHs of mass
M ≥ γ3/2MH ≈ γ3/2kM/(2π) [33], where γ is the sound-speed squared at the time formation.
Note that the approximation (23) is valid only for a Gaussian PDF.
The integral (22) establishes a direct relation between the mass fraction of PBHs and the
variance of perturbations. The set of observational constraints on the abundance of PBHs is
listed in Table I and has been used to bound the mean amplitude of δ defined by for distinct
cosmologies [31, 32, 42, 43]. The Press-Schechter formula has also been tested against other
methods such as peaks theory [44].
The threshold value δth used in Eq. (22) has changed with the improvement of gravita-
tional collapse studies [27, 33, 45, 46, 47]. Here we use the value δth = 0.3 for convenience
[57]. The corresponding threshold value of the curvature perturbation can be deduced from
[57] Recent studies suggest that this value is dependent on the profile of the curvature perturbation [48].
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the relation [30]
δk(t) =
2(1 + γ)
5 + 3γ
(
k
aH
)2
Rk, (24)
which at horizon crossing during the radiation dominated era gives Rth = 0.7. Note that
the high amplitude of the perturbations relevant to PBH formation necessarily require a
non-linear treatment of their statistics. This is the major motivation for our analysis.
We adopt the Press-Schechter formula derive the non-Gaussian abundance of PBHs. The
use of the Press-Schechter integral on distributions of curvature perturbations is not new.
In Ref. [50] the Press-Schechter formula is used to integrate curvature perturbations which
never exit the cosmological horizon. We apply the integral formula in Eq. (22) to the non-
Gaussian probability distribution (10). The result of the integral is the sum of incomplete
Gamma functions Γinc and an exponential:
β(M) =
1√
4π
Γinc
(
1/2,
ζ2th
2Σ2
R
(M)
)
−
1√
2π
J
Σ3
R
(M)
[
2 Γinc
(
2,
ζ2th
2Σ2
R
(M)
)
− 3 exp
(
− ζ
2
2Σ2
R
(M)
)]
.
(25)
The Taylor series expansion of these functions around the limit ΣR/ζR = 0 gives
β(M) ≈ ΣR(M)
ζth
√
2π
exp
[
−1
2
ζ2th
Σ2
R
(M)
]
×
{
1− 2
(
ΣR
ζth
)2
+
J
Σ3
R
[(
ΣR
ζth
)−2
− 1
]}
. (26)
For the mass fraction shown in Eq. (26), the observational limits of Table I could in
principle constrain the values of the variance Σ2R and of fNL. However, when we normalise
the amplitude of perturbations to the observations at CMB scales, the limiting values for
fNL are too large, of order fNL ≈ 104, and thus inconsistent with perturbation theory at the
level of the expansions performed in this paper. In fact, the expansion in Eq. (5) shows that
when
|fNL| ≥ 1R2 ≈
1
P(k) ≈ 203.2, (27)
the cuadratic term of Eq. (5) dominates over the linear term, and in the computation of the
three-point function Eq. (6), the loop contributions become dominant. The computation
Furthermore some early universe models may not generate the profiles required for PBH formation. This
is a crucial aspect of PBH formation currently under investigation [49]
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of non-Gaussianities in this case goes beyond the scope of this paper and should be treated
carefully elsewhere. (for discussions on the origin and magnitude of the loop corrections see
Refs. [51, 52, 53])
Here we restrict ourselves to use the marginal values allowed for fNL from WMAP-III ob-
servations and look at the modifications that large non-Gaussianities bring to the amplitude
of perturbations at the PBH scale.
0 10 20 30
−20
−10
0
PSfrag replacements
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FIG. 2: The constrains in Table I are plotted together with only the smallest value considered for
every mass.
In Fig. 2 we plot the set of bounds to the initial mass fraction of PBHs listed in Table I.
The corresponding bounds on ΣR are shown in Fig. 3 for the Gaussian and non-Gaussian
cases. Independently of the model of cosmological perturbations adopted, one can use
the observationa limits of fNL to modify the bounds for ΣR on small wavelengths. The
tightest constraints on ΣR comes from perturbations of initial mass M ≈ 1015g. With the
non-Gaussian modification the limit is log (ΣR) ≤ −1.2, compared to the Gaussian case
log (ΣR) ≤ −1.15. As shown in Fig. 3, the modification to ΣR cannot be much larger if we
use the limit value of Eq. (27).
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V. FINAL REMARKS
In this paper we have computed, to lowest order of non-linearity, the effects of non-
Gaussian perturbations on PBHs formation.
We use curvature perturbations with a non-vanishing three-point correlation to find an
explicit form of the non-Gaussian PDF with a direct contribution from the non-linear pa-
rameter fNL. We have shown how the sign of this parameter determines the enhancement
or suppression of probability for large-amplitude perturbations. Using the simple slow-roll
expression for fNL in the context of single field inflation, We have resolved previous discrep-
ancies in the literature regarding effects of non-Gaussianity on the abundance of PBHs.
As a second application of the non-Gaussian PDF we have employed the Press-Schechter
formalism of structure formation to determine the non-Gaussian effects on PBH abundance.
We have shown how the PBH constraints on the amplitude of perturbations can be modified
when a non-Gaussian distribution is considered. The maximum variance ΣR allowed by
13 15 17 19−1.3
−1.2
−1.1
−1
PSfrag replacements
lo
g
(Σ
R
)
log
(
M
1g
)
FIG. 3: A subset of the constraints on ΣR from overproduction of PBHs is plotted for a Gaussian
(black line) and non-Gaussian correspondence between β and ΣR, equations (23) and (26) respec-
tively. The green dashed line assumes a constant fNL = −54 and the blue dotted line a value
fNL = −1/Σ2R.
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PBH constraints is sensitive to fNL, producing the limit ΣR(M = 10
15g) < 6.3 × 10−2 for
fNL = −54. This limit is, however, much larger than the observed amplitude at CMB scales,
where ΣR ≈ 4.8× 10−5. The order of magnitude gap between the mean amplitude observed
in cosmological scales and that required for significant PBH formation remains almost intact
and, as a consequence, non-Gaussian perturbations do not modify significantly the standard
picture of formation of PBHs.
VI. ACKNOWLEDGEMENTS
This work has been financially supported by the Mexican Council for Science and Tech-
nology (CONACYT) Studentship No. 179026. I would like to thank Prof Bernard Carr for
motivation and major comments to this work. In addition, I would like to thank Dr David
Seery for comments and discussions throughout the time devoted to this project. I also wish
to thank Dr Karim Malik for helpful comments on the preparation of the final version of
this paper. Finally I thank Prof David Lyth and the Department of Physics at Lancaster
University for their hospitality during the workshop Non-Gaussianity from Inflation, 5th-9th
June 2006.
[1] D. N. Spergel et al., “Wilkinson Microwave Anisotropy Probe (WMAP) three year results: Implications for cosmology,”
arXiv:astro-ph/0603449.
[2] S. Matarrese, L. Verde and R. Jimenez, “The abundance of high-redshift objects as a probe of non-Gaussian initial
conditions,” Astrophys. J. 541 (2000) 10 [arXiv:astro-ph/0001366].
[3] F. Bernardeau, S. Colombi, E. Gaztanaga and R. Scoccimarro, “Large-scale structure of the universe and cosmological
perturbation theory,” Phys. Rept. 367 (2002) 1 [arXiv:astro-ph/0112551].
[4] X. Kang, P. Norberg and J. Silk, “Can large-scale structure probe CMB-constrained non-Gaussianity?,” Mon. Not. Roy.
Astron. Soc. 376 (2007) 343 [arXiv:astro-ph/0701131].
[5] D. H. Lyth and Y. Rodriguez, “The inflationary prediction for primordial non-gaussianity,” Phys. Rev. Lett. 95 (2005)
121302 [arXiv:astro-ph/0504045].
[6] X. Chen, M. x. Huang, S. Kachru and G. Shiu, “Observational signatures and non-Gaussianities of general single field
inflation,” JCAP 0701 (2007) 002 [arXiv:hep-th/0605045].
[7] D. Seery and J. E. Lidsey, “Non-gaussianity from the inflationary trispectrum,” JCAP 0701 (2007) 008
[arXiv:astro-ph/0611034].
[8] N. Bartolo, E. Komatsu, S. Matarrese and A. Riotto, “Non-Gaussianity from inflation: Theory and observations,” Phys.
Rept. 402 (2004) 103 [arXiv:astro-ph/0406398].
[9] D. H. Lyth, K. A. Malik and M. Sasaki, “A general proof of the conservation of the curvature perturbation,” JCAP 0505
(2005) 004 [arXiv:astro-ph/0411220].
15
[10] D. Wands, K. A. Malik, D. H. Lyth and A. R. Liddle, “A new approach to the evolution of cosmological perturbations
on large scales,” Phys. Rev. D 62 (2000) 043527 [arXiv:astro-ph/0003278].
[11] E. W. Kolb and M. S. Turner, “The Early universe,” Front. Phys. 69 (1990) 1.
[12] E. D. Stewart and D. H. Lyth, “A More accurate analytic calculation of the spectrum of cosmological perturbations
produced during inflation,” Phys. Lett. B 302 (1993) 171 [arXiv:gr-qc/9302019].
[13] D. H. Lyth and Y. Rodriguez, “Non-gaussianity from the second-order cosmological perturbation,” Phys. Rev. D 71
(2005) 123508 [arXiv:astro-ph/0502578].
[14] N. Bartolo, S. Matarrese and A. Riotto, “Evolution of second-order cosmological perturbations and non-Gaussianity,”
JCAP 0401 (2004) 003 [arXiv:astro-ph/0309692].
[15] G. I. Rigopoulos and E. P. S. Shellard, “Non-linear inflationary perturbations,” JCAP 0510 (2005) 006
[arXiv:astro-ph/0405185].
[16] J. Maldacena, “Non-Gaussian features of primordial fluctuations in single field inflationary models,” JHEP 0305 (2003)
013 [arXiv:astro-ph/0210603].
[17] D. Seery and J. E. Lidsey, “Primordial non-gaussianities in single field inflation,” JCAP 0506 (2005) 003
[arXiv:astro-ph/0503692].
[18] D. Seery and J. E. Lidsey, “Primordial non-gaussianities from multiple-field inflation,” JCAP 0509, 011 (2005)
[arXiv:astro-ph/0506056].
[19] E. Komatsu and D. N. Spergel, “Acoustic signatures in the primary microwave background bispectrum,” Phys. Rev. D
63 (2001) 063002 [arXiv:astro-ph/0005036].
[20] R. Scoccimarro, E. Sefusatti and M. Zaldarriaga, “Probing Primordial Non-Gaussianity with Large-Scale Structure,”
Phys. Rev. D 69 (2004) 103513 [arXiv:astro-ph/0312286].
[21] C. Hikage, E. Komatsu and T. Matsubara, “Primordial Non-Gaussianity and Analytical Formula for Minkowski
Functionals of the Cosmic Microwave Background and Large-scale Structure,” Astrophys. J. 653 (2006) 11
[arXiv:astro-ph/0607284].
[22] J. S. Bullock and J. R. Primack, “Non-Gaussian fluctuations and primordial black holes from inflation,” Phys. Rev. D
55 (1997) 7423 [arXiv:astro-ph/9611106].
[23] P. Ivanov, “Non-linear metric perturbations and production of primordial black holes,” Phys. Rev. D 57, 7145 (1998)
[arXiv:astro-ph/9708224].
[24] P. Pina Avelino, “Primordial black hole constraints on non-gaussian inflation models,” Phys. Rev. D 72 (2005) 124004
[arXiv:astro-ph/0510052].
[25] S. Chongchitnan and G. Efstathiou, “Accuracy of slow-roll formulae for inflationary perturbations: Implications for
primordial black hole formation,” JCAP 0701 (2007) 011 [arXiv:astro-ph/0611818].
[26] David Seery and Carlos Hidalgo, “Non-Gaussian corrections to the probability distribution of the curvature perturbation
from inflation,” JCAP 0607, 008 (2006) [arXiv:astro-ph/0604579].
[27] M. Shibata and M. Sasaki, “Black hole formation in the Friedmann universe: Formulation and computation in numerical
relativity,” Phys. Rev. D 60 (1999) 084002 [arXiv:gr-qc/9905064].
[28] D. H. Lyth, “Axions And Inflation: Sitting In The Vacuum,” Phys. Rev. D 45 (1992) 3394.
[29] D. Babich, P. Creminelli and M. Zaldarriaga, “The shape of non-Gaussianities,” JCAP 0408 (2004) 009
[arXiv:astro-ph/0405356].
[30] A. R. Liddle and D. H. Lyth, “Cosmological inflation and large-scale structure,” Cambridge, UK: Univ. Pr. (2000) 400p
[31] B. J. Carr, J. H. Gilbert and J. E. Lidsey, “Black hole relics and inflation: Limits on blue perturbation spectra,” Phys.
Rev. D 50 (1994) 4853 [arXiv:astro-ph/9405027].
[32] A. M. Green and A. R. Liddle, “Constraints on the density perturbation spectrum from primordial black holes,” Phys.
Rev. D 56 (1997) 6166 [arXiv:astro-ph/9704251].
[33] B. J. Carr, “The Primordial Black Hole Mass Spectrum,” Astrophys. J. 201 (1975) 1.
[34] S. W. Hawking, “Particle Creation By Black Holes,” Commun. Math. Phys. 43 (1975) 199 [Erratum-ibid. 46 (1976)
206].
16
[35] B. J. Carr, “Some cosmological consequences of Primordial Black Hole Evaporations,” Astrophys. J. 206 (1976) 8.
[36] D. N. Page and S. W. Hawking, “Gamma rays from primordial black holes,” Astrophys. J. 206 (1976) 1.
[37] H. I. Kim, C. H. Lee and J. H. MacGibbon, “Diffuse γ-ray background and primordial black hole constraints on the
spectral index of density fluctuations” Phys. Rept. 307 (1998) 125 [arXiv:gr-qc/9804034].
[38] J. H. MacGibbon and B. J. Carr, “Cosmic rays from primordial black holes,” Astrophys. J. 371 (1991) 447.
[39] S. Miyama and K. Sato, “The Upper Bound Of The Number Density Of Primordial Black Holes From The Big Bang
Nucleosynthesis,” Prog. Theor. Phys. 59 (1978) 1012.
[40] Novikov, I. D., Polnarev, A. G., Starobinskii, A. A., and Zeldovich, I. B., “Primordial black holes” Astron. Astrophys.
80, (1979) 104
[41] W. H. Press and P. Schechter, “Formation of galaxies and clusters of galaxies by selfsimilar gravitational condensation,”
Astrophys. J. 187 (1974) 425.
[42] D. Clancy, R. Guedens and A. R. Liddle, “Primordial black holes in braneworld cosmologies: Astrophysical constraints,”
Phys. Rev. D 68 (2003) 023507 [arXiv:astro-ph/0301568].
[43] Y. Sendouda, S. Nagataki and K. Sato, “Mass spectrum of primordial black holes from inflationary perturbation in the
Randall-Sundrum braneworld: A limit on blue spectra,” JCAP 0606 (2006) 003 [arXiv:astro-ph/0603509].
[44] A. M. Green, A. R. Liddle, K. A. Malik and M. Sasaki, “A new calculation of the mass fraction of primordial black
holes,” Phys. Rev. D 70 (2004) 041502 [arXiv:astro-ph/0403181].
[45] I. Hawke and J. M. Stewart, “The Dynamics Of Primordial Black Hole Formation,” Class. Quant. Grav. 19 (2002) 3687.
[46] I. Musco, J. C. Miller and L. Rezzolla, “Computations of primordial black hole formation,” Class. Quant. Grav. 22
(2005) 1405 [arXiv:gr-qc/0412063].
[47] J. C. Niemeyer and K. Jedamzik, “Near-Critical Gravitational Collapse and the Initial Mass Function of Primordial
Black Holes,” Phys. Rev. Lett. 80 (1998) 5481 [arXiv:astro-ph/9709072].
[48] A. G. Polnarev and I. Musco, “Curvature profiles as initial conditions for primordial black hole formation,” Class. Quant.
Grav. 24 (2007) 1405 [arXiv:gr-qc/0605122].
[49] J. C. Hidalgo and A. G. Polnarev “The probability of initial configurations with shape leading to primordial black hole
formation” Work in progress.
[50] I. Zaballa, A. M. Green, K. A. Malik and M. Sasaki, “Constraints on the primordial curvature perturbation from
primordial black holes,” JCAP 0703 (2007) 010 [arXiv:astro-ph/0612379].
[51] S. Weinberg, “Quantum contributions to cosmological correlations,” Phys. Rev. D 72 (2005) 043514
[arXiv:hep-th/0506236].
[52] I. Zaballa, Y. Rodriguez and D. H. Lyth, “Higher order contributions to the primordial non-gaussianity,” JCAP 0606
(2006) 013 [arXiv:astro-ph/0603534].
[53] C. T. Byrnes, K. Koyama, M. Sasaki and D. Wands, “Diagrammatic approach to non-Gaussianity from inflation,”
arXiv:0705.4096 [hep-th].
[54] B. J. Carr and J. E. Lidsey, “Primordial black holes and generalized constraints on chaotic inflation,” Phys. Rev. D 48
(1993) 543.
17
Table I Constraints on the fraction of PBH density to the density of the universe as described in
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CONSTRAINT (β ≤) MASSRANGE NATURE
1.5098 × 10−8(M/M⊙)1/2 1015 − 1043g ΩPBH(today) ≤ 1
2.1568 × 10−16( MM⊙ )1/2× 3.64 × 1014 − 1015 X-rays from{
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[
1−
(
3.64×10−9
M
)3]1/3}−1
evaporating PBHs
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(
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109g
)1/2
109 − 1011 pair production at nucleosynthesis
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1011 − 1013 Helium-4 Spallation
4.92× 10−7
(
M
1010g
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1010 − 1011 Deuterium destruction
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)−1
109g− 1014g CMB distortion
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